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? : :
a ∈ A  C : "    Ω C "	
  "
   	C adom #  adom  
; A; 7 Ω =  ;   C
adom>7 
 
:2&   (Ω, P,)#  2   / + 218
 P #  0 01 P # 2 62 P 872& 
#?? / 	 ϕ D P >A  ? I D  E 
P D 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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 ? "
 E: F
H7 ϕ F 	 : ;  I ; A
 7 Ω

	 92 # ?  &. 2(9 
?&(9 \&2  ?&A a0  am  /# /
0 21 +&(  +2-(] adom8/0  
6?(2  72& ϕ 1 P 8/   A + 21
adom  + 21 P \adom !?2 ?6/( +& 21  +2-(]
adom"A
(∃x ∈ P )χ ≡ (∃x ∈ adom)χ ∨ (∃x ∈ adom)χ;
(∀x ∈ P )χ ≡ (∀x ∈ adom)χ ∧ (∀x ∈ adom)χ.
2 +&/] 72&  +2  ( +( 72& ϕ
2 
ϕ ∼ (Q1x1 ∈ adomε1) . . . (Qkxk ∈ adomεk)ϕ′(x¯),

   < [
 adomεi 6/ adom & adom ( u¯ k +2 72& ϕ′# .68
 2 + adom# v¯ k +2# .6 2 + adom 
9 6/ k ? $ + l 6(# / 72&
(Qlxl ∈ adomεl) . . . (Qkxk ∈ adomεk)ϕ′(x¯)
\& 72&2 ∨
j
(∃c¯j ∈ adom)(χj(c¯j , v¯) ∧ θj(c¯j , u¯)), !<"
 72& χj .&.]. o]$.2 20 +.0 72&   8
1 +20 u¯#  72& θj 1 &( adom8/ 
  1 +20 v¯ 
,6 $ !l = k + 1" +&/. &( k / +
ϕ′  6o] 2&( 72#  62(# / &. &]? v ∈ adom
 2 72&  Ω &1#    u < v  v < u
\& 72&2
(∃c ∈ adom)(c < v ∧ c = u)  (∃c ∈ adom)(v < c ∧ c = u)
 
+&12# / &. l + 1 9 1 6 p? &( 8
$ 9 2 &1 6(# / 72& 
(∃xl ∈ adomεl)
⎛
⎝∨
j
(∃c¯j ∈ adom)(χj(c¯j , v¯) ∧ θj(c¯j , u¯))
⎞
⎠ ,
(∀xl ∈ adomεl)
⎛
⎝∨
j
(∃c¯j ∈ adom)(χj(c¯j , v¯) ∧ θj(c¯j , u¯))
⎞
⎠
1 \& 72&2  !<" 
 +2 &/# & xl ∈ adom#   -. . + 6
6o]$#  +2. xl + &]/.  21 +20 c¯A∨
j
(∃xl ∈ adom)(∃c¯j ∈ adom)(χj(c¯j , v¯) ∧ θj(c¯j , u¯)).
&  -. / + adom#  /  1 72&
? \&∨
j
(∃xl ∈ adom)(∃c¯j ∈ adom)(χj(c¯j , v¯) ∧ θj(c¯j , u¯)),
 +&.. 72& \&∨
j
(∃c¯j ∈ adom)(((∃xl ∈ adom)χj(c¯j , v¯)) ∧ θj(c¯j , u¯)),
<>    	
+&( xl 0(  θj  21 
p? 6( 1 &.  ?-# / 6(#
/ $ 72&  ∨
j
(∃c¯j ∈ adom)(χj ∧ θj)
\& 72&2  1   22 &A
¬
∨
j
(∃c¯j ∈ adom)(χj(c¯j , v¯) ∧ θj(c¯j , u¯)) ≡
≡
∧
j
(∀c¯j ∈ adom)(¬χj(c¯j , v¯) ∨ ¬θj(c¯j , u¯)).
+22# / 72& χj 1 &(  
  vi < vj 21  68+  ?- 

&. 1 vi +&  /  6 0 A
vi < a0; a0 < vi < am; am < vi.

?2  72& 6o]$ 0  &. 1 vi  2
?  +2 &/    vi < c #  c < vi k &1# 
+&2 k ? \2 / 2( &/#  a0 < vi <
am 
 \2 &/ &. &]? vi -] ?&19  2 \&2 y1i, y2i ∈
adomA y1i < vi < y2i#  72&
(∀c¯j ∈ adom)(¬χj ∨ ¬θj)
\& A
(∃y¯1, y¯2 ∈ adom)
(∧
i
y1i < vi < y2i ∧
∧ (∀y ∈ adom)
(∧
i
(y < y2i ∨ y1i < y)
)
∧
∧ (∀c¯j ∈ adom)(¬χ′j ∨ ¬θj)
)
,
 72& χ′j +&/. 6 χj 62   vi < c  y1i < c# 
 c < vi k  c < y2i 
&(    vi < vj # a0 < vi < am    ( 
-.  2  +&/2 72& 1 2  
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&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 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 + adom 
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 FA>
A

   < <<
+22# / 2 /2 6&/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$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 2& P  
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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 
(∃c¯ ∈ P )(ψ(c¯) ∧ θ(c¯)), !D"
7 A ψ D  7 (Σ, P )  A θ  P >A;

	 22 +6&(] 72& ϕ 6?(2  72& ϕ
1   A + P  + +&] P A
(∃x)χ ≡ (∃x ∈ P )χ ∨ (∃x /∈ P )χ.
2 ϕ  +2 A
(Q1x1 ∈ε1 P ) . . . (Qkxk ∈εk P )ϕ′(x¯),
 ϕ′ k ?. 72&    2 22 &( .. 
I#  6 x ∈ P 2/ & ¬S(. . . , x, . . . )# & S ∈ Ω &&(#
21 /(# /  +2# 0.-  72&  S(· · · )#  S ∈ Ω#
.6 /2 + P 2 ( u¯ k +2 72& ϕ′#
.6 2 + P # v¯ k +2# .6 2 + +&8
] P  
9 6/ k $ + &/  6(# / 72&
(Qlxl ∈εl P ) . . . (Qkxk ∈εk P )ϕ′(x¯)
\& 72&2 
(∃c¯ ∈ P )(ψ(c¯, v¯) ∧ θ(c¯, u¯)),
 72& ψ k   Σ#  θ k P 872& 2 # ψ 1 &(
+2 c¯  v¯#  θ k &( c¯  u¯ 
,6 $ k ?. 72& ϕ′(u¯, v¯) 
&. 1 2& Rj ∈
Σ#  0  6] 72&# & &] I82# +&8
..
(∀u¯ ∈ P )(Rj(u¯, v¯) ↔ χj(c¯j , u¯))
&. 0 c¯j ∈ I  +. 72& χj &&(#
ϕ′(u¯, v¯) ≡ (∃c¯1, . . . , c¯m ∈ P )⎛
⎝
⎛
⎝∧
j
(∀w¯ ∈ P )(Rj(w¯, v¯) ↔ χj(c¯j , w¯))
⎞
⎠ ∧ ϕ′′(u¯, c¯1, . . . , c¯m)
⎞
⎠ ,
 72& ϕ′′ +&/ 6 ϕ′ 62 0 72& Rj(u¯, v¯)  χj(c¯j , u¯) 
 +( 12# / $ 72& 
(∃c¯ ∈ P )(ψ(c¯, v¯) ∧ θ(c¯, u¯))
<D    	
\& 72&  1  
¬(∃c¯ ∈ P )(ψ(c¯, v¯) ∧ θ(c¯, u¯)) ≡ (∀c¯ ∈ P )(¬ψ(c¯, v¯) ∨ ¬θ(c¯, u¯)).
&  &( I82# - d¯ ∈ I  +.. 78
2& χ # /
(∀w¯ ∈ P )(¬ψ(w¯, v¯) ↔ χ(d¯, w¯)).
&&(#
(∀c¯ ∈ P )(¬ψ(c¯, v¯) ∨ ¬θ(c¯, u¯)) ≡
≡ (∃d¯ ∈ P )(((∀w¯ ∈ P )(¬ψ(c¯, v¯) ↔ χ(d¯, w¯)))∧
∧ (∀c¯ ∈ P )(χ(d¯, c¯) ∨ ¬θ(c¯, u¯))),
/  ?&( 
 +( + ?& 0 # 2 212 /(# /  +8
/  + ++ # &&(#  + P ..
&(  72&2 θ#   ψ  1 u¯#   + +&] P k
&(  ψ#   θ  1 v¯ 
&&(# 72& ϕ \&  ..0  I 72& 
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
	  6# & 2 A .&.. I82#  -8
 2 (B, J) k \&2 9 (A, I) k  +& +./8
 21 J ′ ⊆ J # / 2 B .&.. &( J ′82 !2 
m@n" &&(#  (B, J ′) &]?. 72& \&  J ′  728
&  !D"    I 2  1 +# /  J ′#  1 +& +./#
 72&
(∃c¯ ∈ P )(ψ(c¯) ∧ θ(c¯))
?   . C1  J
′
 2 B   &( #  
?   6272 2 . C2  I  2 A 
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" I A  !D"

	 & 2 A .&.. \77 I82#   &(8
 J ′8 6 +- &. -&.. \77 !2 m@n"#
 ( +.. 72& χ &. &]? 72& 0. \77# &8
&(#   + \77 
#4#? / 	  A FAA I>     	
I  H7   ; <>; A ϕ  7 (Σ,Ω)
FAA  F ;  A ϕ′  7
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(∃c¯ ∈ P )(ψ(c¯) ∧ θ(c¯))
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2& ψ(c¯) &. c¯ ∈ I \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/2 χ +
ψ . \77 &&(#
(∃c¯ ∈ P )(ψ(c¯) ∧ θ(c¯)) ≡ (∃c¯ ∈ P )(χ(c¯) ∧ θ(c¯)).
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(∀x¯)(∃c¯ ∈ P )(∀y¯ ∈ P )(ψ(x¯, y¯) ↔ χ(c¯, y¯)).
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(∃b¯1, . . . , b¯m)
∧
K⊆{1,...,m}
(∃a¯)
m∧
i=1
(ψ(a¯, b¯i) ↔ i ∈ K) !@"
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A |= ψ(x¯1) ↔ ψ(x¯2).
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I = {2n! : n ∈ ω}.
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k∑
j=0
pj(y1, . . . , yn−1)yjn
( pk(y1, . . . , yn−1) > 0   + $2 ++&1]
pk(y1, . . . , yn−1)  1

k∑
j=0
pj(y1, . . . , yn−1)yjn  ykn −
k−1∑
j=0
|pj(y1, . . . , yn−1)|yjn. !B"

& +&/2# / yjn  2m!·(k−1)# k  L 
|pj(y1, . . . , yn−1)|  LyLn−1  L2(m−1)!·L.
&.. \ $  !B" +&/2A
2m!·k − L · L2(m−1)!·L · 2m!·(k−1)  2m!·(k−1)(2m! − L2 · 2(m−1)!·L) 
 2m!·(k−1)(2m! − 2(m−1)!·N)  1.
 /  1# & pk(y1, . . . , yn−1) < 0#  pk(y1, . . . , yn−1)  −1 
k∑
j=0
pj(y1, . . . , yn−1)yjn  −1.
&&(#
k∑
j=0
pj(y1, . . . , yn−1)yjn > 0 ↔
↔
k∨
j=0
⎛
⎝pj(y1, . . . , yn−1) > 0 ∧ k∧
i=j+1
pi(y1, . . . , yn−1) = 0
⎞
⎠ .
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S(x) =
∑
i
aif(x + bi) !E"
  s′S ∈ ω  " S(x + s′S) > f(x)  : x ∈ ω "
S(x + s′S) < −f(x)  : x ∈ ωI
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7$. cx & 7& x! 
?- 72 ?
LSF = (ω, 0, 1, <,+, f),
 2 7$. f &  &12# +&1  ' 22 
mF# =n  2 1 +6# / &. &/. \77 & 
0 ?- 692 
 m=n +6# / & 7$. f .&.. &  &12  
+&2  +2-(] &1.#  &. . c ∈ ω - sc ∈ ω #
/ &. 0 x ∈ ω
f(x + sc)  cf(x) + cx,
 &# / f   2&# /2 +6&(. 7$.  /8
# -  s2 ∈ ω# /
f(x + s2)  2f(x). !F"
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 sS ∈ ω .# / &. 0 x +&
f(x− sS)  |S(x)|  f(x + sS). !="
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 7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2 \77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f−1(x) = y ⇐⇒ (f(0)  x ∧ y = 0) ∨ (f(y)  x ∧ ∀z(f(z)  x→ z  y)).
j( 2 &. ? +&2# / & f(0) = n#  f−1(x) = 0 + x  n 
)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] \77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2 ( g(p) 6/ 2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 6 + + 2&.2 1, 2, . . . , p 
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h¯(x) = (f(x) mod 1, f(x) mod 2, f(x) mod 3, . . . )
+ x ≡ 0 (mod 1, 2, . . . ,m)#   2  +& + x→∞# m→∞ 
( h¯0 k \ +& 
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&.$ 21 I ,2 (  \&8
2 + /  / + \&2 6(22 &(A x0 = 0 
+&12# / \&2 x0, . . . , xm−1 + 12#  +(
xm 
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 +&&( $&0 /& 6 +6 [−m; 0]# & 8
0  +0 m ,2 1 /(# /  21 \0 +&8
&( 6 &]- +.A 2(92 /2 +&&(
2(9 &#  +  & #  2(9 &7/A
(0) < (−1) < · · · < (−m) < (0, 0) < (0,−1) < · · ·
· · · < (0,−m) < (−1, 0) < · · · < (−m, . . . ,−m).
/& +&2 /& lεA
• l0 = mq
• lε,i−1 = g(lε,i)q
• lε,i,0 = lε,i 
 +( +&2   rε#  ? 2( & lε 8
A
• r0 = (0, . . . , 0)q
• rε,i−1 = (0, . . . , 0)q
• rε,i,0 ≡ rε,i − h¯0[lε,i] + 2&.2 1, . . . , lε,i 
j(  +2-(] h¯0[lε,i] 2 ?6/& + lε,i 2+  h¯0 
$# +&2 /& xεm ? $ + ε + 92 +./8
#  +2-(] |ε| 2 ?6/2 & +&&( εA
• xε,0m + |ε, 0| = m +&2 ?r&(92 f(xm−1)  + \2# & ε1 < ε2#
 xε1,0m > f(x
ε2,0
m ) 2 # x
ε,0
m &1 ?(  r
ε,0
+ 2&.2
1, . . . , lε,0q
<C    	
• xε,−mm + |ε,−m| < m +&2 ?r&(92 0 f(xηm)#  η > (ε,−m) 2
# xε,−mm &1 ?(  r
ε,−m
+ 2&.2 1, . . . , lε,−mq
• &( xε,im #  |ε, i| < m# /&.2# +&(6.  98
A
xε,im = f(x
ε,i−1
m ) + x
ε,i,0
m . !C"
&2 xm = x0m 
1  +12# / 9 + 621#  ( / /& 
12 2  &. -] 
#?? > C 	 7 "	   rε    1, . . . ,
lε

	 +&(62 $] + ε + 92 +./ 
&. r0 
rε,i−1 \ /A .. / ?&(9 7& 
p . rε,i,0#  / +2(# / f(k!) ?  h¯0[lε,i] +
2&.2 1, . . . , lε,i &. / ?&(90 k  $2 ++&1]#
- ?/ 2 x 0 rε,i + 2&.2 1, . . . , lε,i = lε,i,0  
/& x− f(k!) ?  rε,i,0 = rε,i − h¯0[lε,i] + 2&.2 1, . . . , lε,i,0 
1 62(# / +   rε ? &. 6&/0
m &/(. &(  & 
12# /  +  &(  21 I 
#?? B xm   C   C" C p   7 m

	 22 + &]? xm + ?&(92 m 6 +8
. ? +.# 2 2 &1 ?( m /# / 2 ? 8
/ +6(# /  xεm ?  r
ε
+ 2&.2 1, . . . , lε 
+&(62 ?] $] + ε + 92 +./ 
j/ f(xε,i−1m )  h¯0[l
ε,i] + 2&.2 1, . . . , lε,i#   xε,i−1m  &]
+ 2&.2 1, . . . , g(lε,i) = lε,i−1 !+ $2 ++&1]" 
j/ xε,i,0m  r
ε,i,0
+ 2&.2 1, . . . , lε,i = lε,i,0 !+ $2
++&1]" ] 6 +&/.
xε,im = f(x
ε,i−1
m ) + x
ε,i,0
m ≡ h¯0[lε,i] + rε,i,0 = h¯0[lε,i] + (rε,i − h¯0[lε,i]) = rε,i
+ 2&.2 1, . . . , lε,i = lε,i,0 
 #%91# 7   x ∈ I  xε "    C" C 
 7 x
#?? E   ε1 < ε2  x ∈ I  xε1 > f(xε2)   7 x

	  &( & 6 +. xεm 
#?? F 	 x1, x2 ∈ I x1 < x2 H7 xε1 < xη2  C":  "	>
: x1  x2

   < <[

	 ,6  + + xη2 ?. ?&(92 f(x1) 
 + + &(0 xη2 +&(6]. &( 7$. f # . 28
 6#  &1 &&(# xη2 ? &( ?&(9  
# xε1 ?# ?#  ?&(9 x1 
B ;;#9105 940% 5=15  5 41;?#911 #?#0
 &(90 +.0 2 ?2 / +&(6( 2  +8
2 &]- A
t(x) =
∑
i
βif(xεi + ai) +
∑
i
γix
ηi . !["

12 & &.  1  20  ![" 
#?? /G  7 77  t(x)  !["  >
 bt   		 θt   : x ∈ I   >
7  
xθt − bt  f−1(|t(x)|)  xθt + bt.
 F θt  bt 7 "	 FAA ;   t

	 
&. ? ?2 +&( t(x) +&1&(2 +8
&1 &/ +&/. 62 t(x)  −t(x) 
,2 /(# / 2 t  1 +?0 /&   \77$
  &] 

& +&.2 &]- .A
<" & xθ &. 2(9 θ 0  2 t &( &#  622  +
72& !C" 
D" 22 sθ(x) k +22 t 
sθ(xθ) =
∑
εi=θ
βif(xθ + ai) !<>"
&. 2(9 θ & 22 sθ(x) /#  ?2  6 28
.  6-2.  + <" 
&( /. 22 sθ ?6 +?0 /& &1 1( 
2(9 0 &20#   9 <" ?&..  ?&  &2
 βf(xθ + a)#  \ +$  & +6 +. 
 6&( +&/2# /
t(x) = sθ(xθ) + δ(x),
 22 sθ  !<>" /#   &2 6 δ(x) 2] +. 
?&(9 xθ !2 &22 C" &  !="# -  ssθ 
&. &]? x +&
f(x− ssθ )  sθ(x)  f(x + ssθ ).
D>    	
)12 ?( x &( ?&(92# /? +&.&(
sθ(xθ)  f(xθ − ssθ )  2|δ(x)|.
  ?2 2(
1
2
f(xθ − ssθ ) 
1
2
sθ(xθ)  t(x)  3
2
sθ(xθ)  3
2
f(xθ + ssθ ).
	/.# / f   2& \+#  f−1# # 
? &72# +&/2 &. &]? x
f−1
(
1
2
f(x− ssθ )
)
 x− ssθ − c

f−1
(
3
2
f(x + ssθ )
)
 x + ssθ + c
&.   c   bt = ssθ + c 
 #%91# 8   t1(x)  t2(x) D  7:   ![" x1, x2 ∈ I
 x1 < x2  t1(x1) < t2(x2)   7 x1

	 & 6 &22 <>  &22 [ 
#?? //  C"7  t(x)  !["   x ∈ I  C"7 	7
p 
 t(x)  ;   C p   7 x

	 /# /  .  +&]   &.
/&  f(xε+a) +22# /   &. xε .]. rε !&
B" &&(#   &. f(xε + a) +&.].  & +/8
 f  
#?? /2 I D E ?   LSF 

	 ,2 /(# / x¯ k +2# +2]- 6/.
6 I#  y¯ k +6&( +2 +22# / 1. 72&  2
LSF \& \6$&( 72&
(∃u¯)ψ(u¯, x¯, y¯), !<<"
2$ ψ(u¯, x¯, y¯)  &.] + &2  . 68
&0 !2 mDn" 2#  (  ∑
j
(ajf(ukj + dj) + bjukj )︸ ︷︷ ︸
(∗)
−
∑
i
ti(xi)− r(y¯)  0. !<D"
j( 2 ti(xi) ? 2(  !["  2 r(y¯) 21 2(   #
&.  \  1 2  +&0 +$ 2  r ?2 +(
+$ vI  vI # 6/]- ?&19  v &  + 
\&2 I ) +12#   #  +&( ( 72&

   < D<
 ?&(90 x¯#  y¯  72&  !  / 21 I .&.. +/ 68
&/22  +"   # +22# / 72&
.&.. 2 + / ?&(90 x 
) &2 \   \+ /& 2 &2 # +&/ 72&
 ∑
i
ti(xi)− r(y¯)  0,
 62 +12#  +&(  ( &. / ?&(90 x ∈ I# 
12  2( 
,6 /. ?- 2 212 /(# / u¯  x¯ +./ + ?8
] 
& 2 ti / + 2&]#   21 &]/( 6  
+2-(] + 2  6210 6/  ?o2 +&8
/20 72&  +2- 6o]$ 
 &(92 ?2 /(# /  2 ti(xi) / &
&] E# 2 212 &. &]? m   Mm ]# / & 
xi > Mm# 
m
∣∣∣∣∣∑
i>1
ti(xi)
∣∣∣∣∣ < t1(x1).
6(22 m = 8   &. xi > M8 +&/2
7
8
t1(x1) 
∑
i
ti(xi) 
9
8
t1(x1). !<@"

&(9 1. ? 0  6&(2 2 @ 6 mDn 
& &.  uk 2  f(uk + d)  /.  ψ#  \&2$.
 +6.   72 ? 
+22# / u1 > u2 > · · · > um 6?(2 22 !∗"   /A S(u1)
1  &2  ajf(u1 +dj)# s(u¯) k  &( & 22 S(u1)
/ + 2&]#   62.. 2  +&]-2 ?o8
2 +&/0 72&  +2-(] 6o]$ 
& S(u1) /#  ?2 /(# /  +&1&(   8
-]  sS  s
∗
# /
f(u1 − sS)  S(u1)  f(u1 + sS) !<B"
 f(u1 − sS) > 4|s(u¯)| + u1 > u2 + s∗  u2 < u1  u2 + s∗  + u1
&..  1 k +  6o]$  u1 > u2 + s∗ +&/2
|s(u¯)| < 1
4
f(u1 − sS)  14S(u1).

&. x1 621  $A
x
θt1
1  f−1(8|r(y¯)|) + bt1 + 1,
x
θt1
1  f−1
(
1
8
|r(y¯)|
)
− bt1 − 1
DD    	
&
f−1
(
1
8
|r(y¯)|
)
− bt1 − 1  xθt11  f−1(8|r(y¯)|) + bt1 + 1.
22 + /   &/. 
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